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We discuss the equivalence between light-front time-ordered-perturbation theory and covariant
quantum field theory in light-front quantization, in the case of quantum electrodynamics at one-loop
level. In particular, we review the one-loop calculation of the vertex correction, fermion self-energy
and vacuum polarization. We apply the procedure of integration by residue over the light-front
energy in the loop to show how the perturbative expansion in covariant terms can be reduced to a
sum of propagating and instantaneous diagrams of light-front time-ordered perturbation theory. The
detailed proof of equivalence between the two formulations of the theory resolves the controversial
question on which form should be used for the gauge-field propagator in the light-cone gauge in the
covariant approach.
PACS numbers: 11.15.Bt, 12.20.-m, 14.70.Bh
The light-front formulation of quantum field theory has remarkable advantages with respect to the canonical equal-
time (instant-form) approach (see, e.g., [1]). The equivalence between the two approaches has been the subject of
several works [2–8], with applications to scalar φ3 theory [9], Yukawa theory [10, 11], scalar Quantum ElectroDynamics
(QED) [12] and standard QED [13, 14].
In this work, we will focus on the proof of the equivalence in QED at one-loop level. In particular, we will
present the calculation of the one-loop diagrams in QED in two different approaches: 1) using light-front time-ordered
perturbation theory (TOPT), where the contribution from each light-front time-ordered graph is calculated according
to the rules of old-fashioned Hamiltonian perturbation theory [4, 15]; 2) using the covariant formulation of QED in
light-front quantization.
The main difficulty in the correspondence between the two formulations of the theory is to match the presence
of instantaneously propagating particles. This issue becomes particularly subtle when dealing with gauge theories.
In light-front quantization, one commonly works in the non-covariant light-cone gauge n · A = 0, with n being an
external light-like vector n2 = 0 [16]. With this gauge choice, it becomes nontrivial to determine the detailed form
of the gauge field propagator (i.e., the photon propagator in QED) and to match it with time-ordered diagrams
containing instantaneous photons [12, 13].
When dealing with the covariant approach, in the literature one encounters two different expressions for the gauge
field propagator Dµν(q) in the light-cone gauge. The first one, containing the sum of two terms, reads [4, 17]:
Dµν(q) = −i
q2
(
gµν − q
µnν + qνnµ
q+
)
. (1)
This expression can be recovered by adding to the Lagrangian density for the free vector gauge field a gauge-fixing
term of the form (nµA
µ)
2
, as shown in Ref. [18]; but this is not enough to fix the gauge completely, and as a result
both the longitudinal and the transverse photon degrees of freedom propagate.
Another expression for the gauge-field propagator is often used, containing the sum of three terms [19]:
DµνT (q) =
−i
q2
(
gµν − q
µnν + qνnµ
q+
+ q2
nµnν
(q+)
2
)
. (2)
This expression can in turn be recovered by adding to the Lagrangian density a gauge-fixing term of the form
(nµA
µ)
2
+(∂µA
µ)
2
[18], which completely fixes the gauge; this is equivalent to considering only the transverse degrees
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of freedom as the propagating ones. However, the use of a non-covariant axial gauge, such as the light-cone gauge,
generates a new contribution to the interaction Hamiltonian, corresponding to an instantaneous interaction. The
last term of Eq. (2), which comes from removing the longitudinal degree of freedom, compensates for this extra-term
describing the instantaneous interaction from the Hamiltonian [12, 13]. Therefore, it is possible to use either the three
term expression of Eq. (2) together with the instantaneous interaction in the Hamiltonian, or the two-term expression
of Eq. (1), omitting the instantaneous interaction in the Hamiltonian.
This ambiguity has been a source of confusion in establishing which form should be used, and is a relevant issue
when proving the equivalence between the covariant perturbation theory and light-front TOPT, in particular when
matching with the contribution from instantaneous photons.
We therefore believe that it is illustrative to re-derive the proof of the equivalence between covariant and light-front
TOPT approach at one-loop level in QED, trying to clarify a few misleading results in literature. Our findings are
partially at variance with previous calculations [12–14], and we will point out where the origin of differences is.
The paper is organized as follows: in Sec. I we discuss the structure of the QED Hamiltonian, both in light-front
quantization [19] and in covariant theory in the light-cone gauge. In Sec. II we discuss the QED vertex correction,
first in the light-front TOPT and then in the covariant approach with light-front coordinates, showing the equivalence
between the two formulations. In Sec. III we apply the same scheme to the self-energy diagrams of both the electron
and the photon. In particular, we show how the one-loop expressions for the vertex correction, fermion self-energy, and
vacuum polarization in the covariant perturbation theory can be reduced to a sum of propagating and instantaneous
diagrams of light-front time-ordered perturbation theory by using the well-known technique of integration by residue
over the light-front energy in the loop. Finally in Sec. IV we summarize our results and draw our conclusions.
Technical details are collected in the appendices.
I. QED HAMILTONIAN IN THE LIGHT-FRONT
Our starting point is the gauge- and Lorentz-invariant QED Lagrangian density:
LQED = ψ¯(i/∂ −m)ψ − 1
4
FµνFµν + eψ¯γ
µψAµ , (3)
where e > 0 and m are the electron charge and mass, respectively, and Fµν = ∂µAν−∂νAµ is the photon field tensor.
We first describe the approach in light-front quantization, revisiting the results of Refs. [16, 19]. We introduce light-
front coordinates aµ = (a+, a−,a⊥) for a generic four-vector aµ, defining a+ =
(
a0 + a3
)
/
√
2, a− =
(
a0 − a3) /√2,
and a⊥ = (a1, a2). By using the equations of motion in light-front coordinates and working in the light-cone gauge
nµA
µ = 0, with nµ = (0, 1,0⊥), the light-front QED Hamiltonian can be written as
H =
∫
d2x⊥dx− T+− = H0 + V1 + V2 + V3, (4)
where H0 is the free Hamiltonian and the interaction terms are given by
V1 =e
∫
d2x⊥dx− ξ¯(x)γµξ(x)aµ(x) , (5a)
V2 =− ie
2
4
∫
d2x⊥dx−dy−Θ
(
x− − y−) ξ¯(x)γiai(x)γ+γjaj(y)ξ(y) , (5b)
V3 =− e
2
4
∫
d2x⊥dx−dy− ξ¯(x)γ+ξ(x)
∣∣x− − y−∣∣ ξ¯(y)γ+ξ(y) , (5c)
with y = (x+, y−,x⊥). Eqs. (5a)-(5c) are written in terms of the independent degrees of freedom in light-front
quantization: the photon field aµ = (0, a−,A⊥) (with ∂+a− = ∂⊥ · A⊥) is rewritten in terms of the transverse
components Ai, while ξ(x) = Λ+ψ(x) (with Λ+ =
1
2γ
−γ+) are the “good” components of the fermion field. The
interaction term V1 in Eq. (5a) describes a standard QED three-point vertex; V2 in Eq. (5b) and V3 in Eq. (5c),
instead, are the non-local four-point vertices, corresponding to the exchange of an instantaneous fermion and photon,
respectively. From the Hamiltonian (4), one can derive the light-front time-ordered contributions to one-loop processes
in QED, as we will show in the following sections.
2
As we aim to match the description in light-front TOPT with the covariant theory of QED, we need to consider
how the usual Feynman rules for the gauge-field propagator should be modified in the non-covariant light-cone gauge.
The photon propagator in the light-cone gauge A+ = 0 can be derived from the free theory on the light-front,
where the additional Lorenz condition ∂µA
µ = 0 is obtained from the equation of motion [12, 16]. The constraints
A+ = 0 and ∂µA
µ = 0 restrict the dynamical degrees of freedom for the polarization vectors of the photon only to
the transverse ones. This leads to the following form for the gauge-field propagator [16]
DµνT (q) =
−i
q2
(
gµν − q
µnν + qνnµ
q+
+ q2
nµnν
(q+)
2
)
, (6)
which is proportional to the sum over the transverse-polarization of the photon degrees of freedom
dµνT (q) =
2∑
λ=1
εµ ∗λ (q)ε
ν
λ(q) = −gµν +
qµnν + qνnµ
q+
− q2 n
µnν
(q+)
2 . (7)
The same result is obtained in Ref. [18] by adding to the free photon Lagrangian the gauge fixing terms
− 1
2α
(nµA
µ)
2 − 1
2β
(∂µA
µ)
2
, (8)
corresponding, in order, to the gauge-fixing condition for the light-cone gauge and for the Lorenz gauge.
Notice that the manifest Lorentz invariance is spoiled by the use of a non-covariant axial gauge; indeed, the photon
propagator (6) itself has two non-covariant extra terms, in addition to the −gµν term of the manifestly-covariant
Feynman gauge.
In the interacting theory the equation of motion for the gauge field is
(∂+)2A− = ∂+∂iAi − eψ¯γ+ψ (9)
It does not lead to the Lorenz condition ∂µA
µ = 0, but still reduces the independent degrees of freedom of the photon
to the transverse ones.
Using Eq. (9) to eliminate A− in the interaction Hamiltonian, we obtain
H = H0 + V + VI . (10)
Here V is the three-point vertex
V = e
∫
d2x⊥dx− ψ¯(x)γµψ(x)aµ(x) , (11)
where aµ is the same used in Eqs. (5a)-(5c), while VI is given by
VI = −e
2
4
∫
d2x⊥dx−dy− ψ¯(x)γ+ψ(x)
∣∣x− − y−∣∣ ψ¯(y)γ+ψ(y) . (12)
We will refer to VI as the “instantaneous interaction” term. It can be shown that, in physical processes, the con-
tribution from the third term of the propagator in Eq. (6) is exactly compensated for by the contribution from the
instantaneous interaction term in the Hamiltonian (see e.g. in Ref. [16]). Notice that in Eqs. (11) and (12) we did
not rewrite the fermion fields in terms of the dynamical fields in light-front quantization, as we did in Eqs. (5a)-(5c).
Indeed, the presence of the instantaneous interaction occurs in covariant quantization for any generic axial gauge
nµA
µ = 0, as shown in Ref. [12] for the scalar QED case (which can be easily extended to the QED case as well).
This situation is well known also in the case of the Coulomb gauge [20] and does not therefore depend on the use of
light-front rather than instant-form coordinates. For this reason, it is natural to consider as the starting point for the
covariant calculation the three-term propagator (6), including also the diagram containing the instantaneous interac-
tion. Alternatively, we can drop the third term and consider only the ordinary three-point vertex (11), neglecting the
instantaneous interaction at the same time.
3
II. ONE-LOOP QED VERTEX CORRECTION
In this section we discuss the vertex correction at one-loop level in QED. We first revisit the calculation in light-
front TOPT [2, 6, 19], then we present the results in covariant theory in light-front coordinates. We show how to
derive light-front time-ordered diagrams from a given Feynman diagram by integrating over the light-front energy.
In showing the equivalence between the different formulations of the theory, we will discuss the form of the photon
propagator.
A. Light-front Time-ordered perturbation theory
The vertex correction in light-front TOPT originates from contributions of the interaction terms in the form (V1)
3,
V1V2 and V1V3, see Eqs. (5a)-(5c).
The (V1)
3 contribution brings the two diagrams shown in Fig. 1, which are distinct for different ordering of the
interaction vertexes with light-front time; note that in diagram (b) there appears a positron, labeled with an arrow of
opposite direction with respect to its plus momentum. All other possible time-ordered diagrams, with disconnected
contributions of pair production or annihilation from the vacuum vanish in the infinite-momentum frame; nonetheless,
the presence of the V2 and V3 interaction terms in the Hamiltonian leads to additional diagrams, containing instan-
taneous fermions and photon propagators. This means that we actually need to consider five time-ordered diagrams
including the three instantaneous interaction diagrams shown in Fig. 2. It should be noticed that diagram (c) of
Fig. 2 is peculiar, since it can be recovered from both diagram (a) and (b) of Fig. 1, by considering the propagator
with momentum k1 as instantaneous. Diagrams (d) and (e), on the contrary, can be drawn only as limits of diagrams
(a) and (b), respectively.
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P1 P2
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ρ
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x+
FIG. 1: Diagrams for the vertex correction in light-front TOPT at one-loop order. The vertical dashed lines are at fixed
light-front time.
In the calculation of the scattering amplitude, we set the momenta of the particles as shown in the corresponding
diagrams. We recall that, in the TOPT approach, all particles are on-shell; however, although overall conservation of
four-momentum between initial and final state still holds, energy (i.e. the minus component of momenta in light-front
form) is not conserved in each interaction vertex. As we aim to match the terms derived from the evaluation of
the time-ordered diagrams with the corresponding current obtained in the covariant approach, it is convenient to
decompose the momentum kµ of a particle of mass m into an on-shell and an off-shell component, by defining
kµon−shell ≡ k˜µ =
(
k+,
k2⊥ +m
2
2k+
,k⊥
)
, (13a)
kµoff−shell ≡ kˆµ =
(
0,
k2 −m2
2k+
,0⊥
)
=
k2 −m2
2k+
nµ , (13b)
such that kµ = k˜µ + kˆµ.
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FIG. 2: Diagrams for the vertex correction in light-front TOPT at one-loop order with instantaneous fermion exchange ((c)
and (d)) and instantaneous photon exchange ((e)). The vertical dashed lines are at fixed light-front time.
For convenience, we switch to the symmetric notation for the momenta, by setting:
q1 ≡ ∆ , P1,2 = P ∓ ∆
2
, k1,2 = k ∓ ∆
2
, q2 = P − k . (14)
The last two identities in the above expression are consequence of momentum conservation and it is hence understood
that they are valid only for the plus and transverse (but not for the minus) components when working within light-front
TOPT. We also define the longitudinal momentum fraction x : = k+/P+ and the skewedness parameter ξ : = ∆+/2P+.
Furthermore, without loss of generality, we can choose the reference frame where P⊥ = 0⊥ and fix ξ > 0, which means
we are considering an incoming photon (i.e. ∆+ > 0). The on-shell conditions give:
P− =
1
2P+
(
m2 − t
4
)
, ∆− = −2ξP− , k−1,2 =
k21,2⊥ +m
2
2k+1,2
, q−2 =
q22⊥
2q+2
, (15)
with t ≡ q2 and
k+1,2 = k
+ ∓ ∆
+
2
, k1,2⊥ = k⊥ ∓
∆⊥
2
, q+2 = P
+ − k+ , q2⊥ = −k⊥ . (16)
Let us start from the contribution of order V 31 to the scattering amplitude; the corresponding matrix element of
the transition matrix iT is:
ΛTOPT(V 31 )
= 〈eP2 |iT |eP1γq1〉 = i
〈
eP2
∣∣∣∣V1 1P−i −H0V1 1P−i −H0V1
∣∣∣∣ eP1γq1〉 (17)
where P−i = P
−
1 + q
−
1 is the total energy of the initial states. Spin indices are omitted as they are not relevant in
the current discussion. By inserting the resolution of the identity with the complete set of eigenstates of the free
Hamiltonian, it is possible to identify the contributions ΛTOPT(a) and Λ
TOPT
(b) corresponding to diagrams (a) and (b) of
Fig. 2, i.e.
ΛTOPT(V 31 )
= ΛTOPT(a) + Λ
TOPT
(b) . (18)
The first contribution can be recast in the form
ΛTOPT(a) = (2pi)
3δ
(
P+1 + q
+
1 − P+2
)
δ(2) (P1⊥ + q1⊥ −P2⊥) (−ie) εµ(q1)Jµ(a) . (19)
For later convenience , we isolate the energy denominator of the current Jµ(a):
D(a) =
〈
γq1ek1γq2
∣∣∣∣ 1P−1 + q−1 −H−0
∣∣∣∣ γq1ek1γq2〉〈ek2γq2 ∣∣∣∣ 1P−1 + q−1 −H−0
∣∣∣∣ ek2γq2〉
=
1
P−1 + q
−
1 −
(
q−1 + k
−
1 + q
−
2
) 1
P−1 + q
−
1 −
(
k−2 + q
−
2
) . (20)
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By switching to the symmetric notation and using Eqs. (15)-(16), one can rewrite:
P−1 + q
−
1 −
(
q−1 + k
−
1 + q
−
2
)
= − (1− x) k⊥ ·∆⊥ − (1− ξ) k
2
⊥ − (1 + ξ)(1− x)2
(
m2 − t4
)
2P+(1− x)(x− ξ) = κ3 − κ1 , (21)
P−1 + q
−
1 −
(
k−2 + q
−
2
)
= − (1− x) k⊥ ·∆⊥ + (1 + ξ) k
2
⊥ + (1− ξ)(1− x)2
(
m2 − t4
)
2P+(1− x)(x+ ξ) = κ3 − κ2 , (22)
where we have defined
κ−1,2 =
k2⊥ ∓ k⊥ ·∆⊥ + (1∓ ξx)
(
m2 − t4
)
2P+(x∓ ξ) , (23a)
κ−3 =
k2⊥ + (x− 1)
(
m2 − t4
)
2(x− 1)P+ . (23b)
The numerator of the current Jµ(a) is given by
N(a) = −e
2P+
(2pi)
3
∫ 1
ξ
dx
∫
d2k⊥
1
(2P+)
3
(1− x) (x2 − ξ2) u¯(P2)γ
ρ
(
k˜/2 +m
)
γµ
(
k˜/1 +m
)
γνdνρ (q˜2)u(P1) . (24)
where k˜/+m = u(k˜)u¯(k˜), and the limits of integration in the variable x are given by the constraint that all particles
move along the positive light-front direction.
In Eq. (24), dµν(q) is given by the transverse-polarization sum of the intermediate photon taken on shell, i.e.
dµν(q) = −gµν + q
µnν + qνnµ
q+
. (25)
This result is a direct consequence of taking the intermediate photon on-shell (q2 = 0), according to the rules of
old-fashioned perturbation theory, and is at variance with the expression used in the calculation of light-front time-
ordered diagrams of Ref. [12] which uses the three-term sum of Eq. (7).
Collecting the results from Eqs. (24) and (20), we finally obtain the following contribution of the diagram (a) to the
current
Jµ(a) = −
e2P+
(2pi)
3
∫ 1
ξ
dx
∫
d2k⊥
1
(2P+)
3
(1− x) (x2 − ξ2) u¯(P2)γ
ρ
(
k˜/2 +m
)
κ3 − κ1 γ
µ
(
k˜/1 +m
)
κ3 − κ2 γ
νdνρ (q˜2)u(P1) . (26)
A similar procedure can be followed also for diagram (b) in Fig. 1, corresponding to the contribution
ΛTOPT(b) = (2pi)
3δ
(
P+1 + q
+
1 − P+2
)
δ(2) (P1⊥ + q1⊥ −P2⊥) (−ie) εµ(q1)Jµ(b) . (27)
The current Jµ(b) has an energy denominator given by
D(b) =
〈
eP1e
+
k1
ek2
∣∣∣∣ 1P−1 + q−1 −H−
∣∣∣∣ eP1e+k1ek2〉〈ek2γq2 ∣∣∣∣ 1P−1 + q−1 −H−
∣∣∣∣ ek2γq2〉
=
1
P−1 + q
−
1 −
(
P−1 − k−1 + k−2
) 1
P−1 + q
−
1 −
(
k−2 + q
−
2
) . (28)
We can rewrite:
P−1 + q
−
1 −
(
P−1 − k−1 + k−2
)
=
xk⊥ ·∆⊥ − ξ k2⊥ − ξ(1− x2)
(
m2 − t4
)
(x2 − ξ2)P+ = κ2 − κ1 , (29)
while the energy denominator for the second intermediate state is again given by Eq. (22). If we evaluate also the
numerator of Jµ(b), we come up with the final result:
Jµ(b) = −
e2P+
(2pi)
3
∫ ξ
−ξ
dx
∫
d2k⊥
1
(2P+)
3
(1− x) (x2 − ξ2) u¯(P2)γ
ρ
(
k˜/2 +m
)
κ3 − κ2 γ
µ
(
k˜/1 +m
)
κ2 − κ1 γ
νdνρ (q˜2)u(P1) . (30)
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We now focus on the diagrams containing instantaneous propagators, which come from V1V2, V2V1 and V1V3 interaction
terms in the matrix element.
The result for the current Jµ(c) of The diagram (c) in Fig. 2 corresponds to the matrix element
ΛTOPT(V1V2) = i
〈
eP2
∣∣∣∣V1 1P−i −H0V2
∣∣∣∣ eP1γq1〉 (31)
= (2pi)3δ
(
P+1 + q
+
1 − P+2
)
δ(2) (P1⊥ + q1⊥ −P2⊥) (−ie) εµ(q1)Jµ(c) . (32)
Following a similar procedure as above, one finds that the current Jµ(c) is given by
Jµ(c) = −
e2P+
(2pi)
3
∫ 1
−ξ
dx
∫
d2k⊥
1
(2P+)
3
(1− x) (x2 − ξ2) u¯(P2)γ
ρ
(
k˜/2 +m
)
κ3 − κ2 γ
µγ+γνdνρ (q˜2)u(P1) . (33)
Note that this result can also be obtained by adding together the contributions from diagrams (a) and (b), replacing
(/k1 + m) 7→ γ+ and taking away from them the energy denominators (21) and (29), respectively. This is consistent
with the TOPT rules for an instantaneous fermion propagator [15].
Similarly, we obtain the following result for the contributions to the current from diagrams (d) in Fig. 2
Jµ(d) = −
e2P+
(2pi)
3
∫ 1
ξ
dx
∫
d2k⊥
1
(2P+)
3
(1− x) (x2 − ξ2) u¯(P2)γ
ργ+γµ
(
/˜k1 +m
)
κ3 − κ1 γ
νdνρ (q˜2)u(P1) . (34)
Finally, the diagram (e) in Fig. 2 with instantaneous photon can be obtained from Eq. (30) with the substitution
dµν(q)/q+ 7→ nµnν/(q+)2 and removing the term κ2 − κ1 from the energy denominator (30). As a result, it reads
Jµ(e) = −
e2P+
(2pi)
3
∫ ξ
−ξ
dx
∫
d2k⊥
1
4 (P+)
3
(1− x) (x2 − ξ2) u¯(P2)γ
ρ
(
k˜/2 +m
)
κ3 − κ1 γ
µ
(
/˜k1 +m
)
γν
nνnρ
(1− x)P+u(P1) . (35)
B. Covariant approach
The one-loop vertex correction in the covariant approach with the light-cone-gauge condition nµA
µ = 0 is described
in Fig. 3. Diagram (a) is the so-called triangle diagram due to the interaction term of the form (V )3 in the inter-
action Hamiltonian (10) and the diagram (b) is the so-called swordfish diagram due to the term V VI containing an
instantaneous four-fermion interaction.
P1
k1 k2
P2
q1
q2
ν
µ
ρ
q1
P1 P2
(a) (b)
FIG. 3: Vertex correction at one-loop order in covariant QED: (a) triangle diagram; (b) swordfish diagram containing the
vertex VI .
The matrix element of the triangle diagram reads
Λ = (2pi)4δ(4) (P1 + q1 − P2) (−ie)εµ(q1)JµCOV ,
7
with the current Jµ given by
JµCOV =
e2
(2pi)4
∫
d4k1 u¯ (P2) γ
ρSF (k2)γµSF (k1)γν DνρT (q2)u(p1) , (36)
where SF (p) is the electron propagator, and DνρT (q) is the photon propagator in the light-cone gauge from Eq. (6).
As discussed in Sec. I, the third term in DµνT (q) generates a contribution which cancels out that arising from the VI
interaction, corresponding to the diagram (b) in Fig. 3.
As a result, the vertex correction in the covariant approach can effectively be obtained by taking into account the
contribution from the triangle diagram in Fig. 3 (a) alone, replacing DνρT in (36) with the two-term expression D
νρ
of Eq. (25) for the photon propagator.
In the following, we show the equivalence of the covariant approaches with light-front TOPT.
In covariant theories, the momentum is conserved at each vertex; therefore we have
q2 = P1 − k1 , k2 = k1 + q1 , P2 = k2 + q2 . (37)
If we again apply the splitting of the momenta as in Eqs. (13a), (13b), the fermion’s and gauge boson’s propagators
get in turn decomposed into two parts, according to:
SF (k) = i (k/+m)
k2 −m2 + i =
i
(
k˜/+m
)
k2 −m2 + i +
iγ+
2k+
, (38a)
Dµν (q) = −i
q2 + i
(
gµν − q
µnν + qνnµ
q+
)
(38b)
=
−i
q2 + i
(
gµν − q˜
µnν + q˜νnµ
q+
)
+
inµnν
(q+)
2 =
idµν(q˜)
q2 + i
+
inµnν
(q+)
2 . (38c)
The first terms in both decompositions depend on the light-front energy components k− and q−, and therefore they
yield the propagating part; the second parts, instead, do not depend on the minus component of the momenta and
hence they correspond to the non-propagating instantaneous particles [11]. It should be noticed that, to some extent,
we recovered a three term propagator, but this time the numerator of the second term only depends on the on-shell
component q˜ of the gauge-field momentum q.
As a consequence of the splitting in Eqs. (38a)-(38c), the current JµCOV in Eq. (36) can be rewritten as:
JµCOV = −
ie2
(2pi)
4
∫
d4k1 u¯ (P2) γ
ρ
(
/˜k2 +m
k22 −m2 + i
+
γ+
2k+2
)
γµ
(
/˜k1 +m
k21 −m2 + i
+
γ+
2k+1
)
γν
(
dνρ (q˜2)
q22 + i
+
nνnρ
(q+2 )
2
)
u (P1) .
(39)
We can hence separate JµCOV into eight contributions, depending on different combinations of the propagating and
instantaneous components of the propagators. Out of these eight contributions, four are non-vanishing1:
Jµ1
[
k˜1, k˜2, q˜2
]
= − ie
2
(2pi)
4
∫
d4k1 u¯ (P2) γ
ρ
(
/˜k2 +m
k22 −m2 + i
)
γµ
(
/˜k1 +m
k21 −m2 + i
)
γν
dνρ (q˜2)
q22 + i
u (P1) , (40a)
Jµ2
[
kˆ1, k˜2, q˜2
]
= − ie
2
(2pi)
4
∫
d4k1 u¯ (P2) γ
ρ
(
/˜k2 +m
k22 −m2 + i
)
γµ
γ+
2k+1
γν
dνρ (q˜2)
q22 + i
u (P1) , (40b)
Jµ3
[
k˜1, kˆ2, q˜2
]
= − ie
2
(2pi)
4
∫
d4k1 u¯ (P2) γ
ρ γ
+
2k+2
γµ
(
/˜k1 +m
k21 −m2 + i
)
γν
dνρ (q˜2)
q22 + i
u (P1) , (40c)
Jµ4
[
k˜1, k˜2, qˆ2
]
= − ie
2
(2pi)
4
∫
d4k1 u¯ (P2) γ
ρ
(
/˜k2 +m
k22 −m2 + i
)
γµ
(
/˜k1 +m
k21 −m2 + i
)
γν
nνnρ(
q+2
)2u (P1) , (40d)
1 We use the arguments in square brackets to specify which part (on-shell or off-shell) of the momenta enters in the numerator of the
corresponding propagator.
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x < −ξ −ξ < x < ξ ξ < x < 1 x > 1
κ−1 + + - -
κ−2 + - - -
κ−3 + + + -
TABLE I: Distribution of the poles in Jµ1 in the complex plane: the symbols +,− denote whether the pole is located in the
upper- or lower-half complex plane, respectively.
while three are vanishing because of their Dirac matrix structures:
Jµ5
[
kˆ1, k˜2, qˆ2
]
∝ γρ
(
/˜k2 +m
)
γµγ+γνnνnρ = 0 , (41a)
Jµ6
[
k˜1, kˆ2, qˆ2
]
∝ γργ+γµ
(
/˜k1 +m
)
γνnνnρ = 0 , (41b)
Jµ7
[
kˆ1, kˆ2, qˆ2
]
∝ γργ+γµγ+γνnνnρ = 0 . (41c)
There is one last term left, which is:
Jµ8
[
kˆ1, kˆ2, q˜
]
∝ γργ+γµγ+γν
(
gνρ −
nν q˜2ρ + nρq˜2ν
q+2
)
= γνγ
+γ−γ+γνδµ− . (42)
It is not vanishing by itself, but we notice that when we contract it with the polarization vector of the external photon,
we obtain ε+(q)J−8 which is zero in the light-cone gauge; therefore we can disregard this term, too.
The equivalence with the light-front TOPT approach can be established by integrating the covariant expression over
the minus component of the momentum by residues. We focus on the contribution Jµ1 in Eq. (40a) as an example. We
can use again the momentum parametrization (14), which is this time valid for all the components of the momenta.
The denominator of Jµ1 is then
D1
[
k˜1, k˜2, q˜2
]
=
[(
k +
∆
2
)2
−m2 + i
][(
k − ∆
2
)2
−m2 + i
] [
(P − k)2 + i
]
. (43)
If we also take advantage of the on-shell conditions for both the initial- and final-state electron, i.e. the first two
identities in Eq. (15), the zeros of the denominator (43) are:
κ−1 = κ1 −
i
2P+(x− ξ) , κ
−
2 = κ2 −
i
2P+(x+ ξ)
, κ−3 = κ3 −
i
2(x− 1)P+ , (44)
where κ1, κ2 and κ3 are defined in Eqs. (23a)-(23b). Changing the variable of integration from k1 → k according to
the relations (14), we see that the poles of the integrand in Jµ1 are distributed in the complex k plane as shown in
Table I.
The non-vanishing k−-integral in Jµ1 therefore comes from the region −ξ < x < 1: closing the circuit of integration
in the upper- or lower-half complex plane, the integral is obtained from the residue in κ−1 , with the result
Jµ1 =−
e2P+
(2pi)3
∫ ξ
−ξ
dx
∫
d2k⊥ u¯(P2)γρ
(
/˜k2 +m
(2P+)
3
(x2 − ξ2) (x− 1)
)
γµ
(
/˜k1 +m
κ−2 − κ−1
)
γν
(
dνρ(q˜2)
κ−2 − κ−3
)
u (P1)
+
e2P+
(2pi)3
∫ 1
ξ
dx
∫
d2k⊥ u¯(P2)γρ
(
/˜k2 +m
κ−3 − κ−2
)
γµ
(
/˜k1 +m
κ−3 − κ−1
)
γν
(
dνρ(q˜2)
(2P+)
3
(x2 − ξ2) (x− 1)
)
u (P1) .
(45)
We remark that the numerator remains unchanged after integration, since it does not depend on the minus component
of k.
The same procedure can be applied to terms Jµ2 , J
µ
3 and J
µ
4 . The integrand in J
µ
2 has no poles in k
−
1 ; therefore,
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Light-Front TOPT Covariant Approach
Jµ(a) + J
µ
(b) J
µ
1
Jµ(c) J
µ
2
Jµ(d) J
µ
3
Jµ(e) J
µ
4
TABLE II: Correspondence between the different contributions to the triangle diagram in light-front TOPT and covariant
approach.
after integration, it still results into the sum of two terms:
Jµ2 =−
e2P+
(2pi)3
∫ ξ
−ξ
dx
∫
d2k⊥ u¯(P2)γρ
(
/˜k2 +m
(2P+)
3
(x2 − ξ2) (x− 1)
)
γµ γ+γν
(
dνρ(q˜2)
κ−2 − κ−3
)
u (P1)
+
e2P+
(2pi)3
∫ 1
ξ
dx
∫
d2k⊥ u¯(P2)γρ
(
/˜k2 +m
κ−3 − κ−2
)
γµ γ+γν
(
dνρ(q˜2)
(2P+)
3
(x2 − ξ2) (x− 1)
)
u (P1)
=
e2P+
(2pi)3
∫ 1
−ξ
dx
∫
d2k⊥ u¯(P2)γρ
(
/˜k2 +m
κ−3 − κ−2
)
γµ γ+γν
(
dνρ(q˜2)
(2P+)
3
(x2 − ξ2) (x− 1)
)
u (P1) . (46)
The contributions Jµ3 and J
µ
4 , instead, are non-vanishing only in the regions ξ < x < 1 and −ξ < x < ξ, respectively:
Jµ3 =
e2P+
(2pi)3
∫ 1
ξ
dx
∫
d2k⊥ u¯(P2)γρ γ+γµ
(
/˜k1 +m
κ−3 − κ−1
)
γν
(
dνρ(q˜2)
(2P+)
3
(x2 − ξ2) (x− 1)
)
u (P1) , (47)
Jµ4 = −
e2
(2pi)3
∫ ξ
−ξ
dx
∫
d2k⊥ u¯(P2)γρ
(
/˜k2 +m
4 (P+)
3
(x2 − ξ2) (1− x)2
)
γµ
(
/˜k1 +m
κ−2 − κ−1
)
γν nνnρu (P1) . (48)
We are now ready to discuss the equivalence between the covariant approach and the light-front TOPT approach.
Let us consider Jµ1 in Eq. (45), which is the sum of two terms; if we compare them with the light-front TOPT results
(26) and (30), we see that these contributions coincide with the sum of diagrams (a) and (b) in Fig. 1, where all
particles in the intermediate states are propagating and we do not have instantaneous propagators.
The second contribution Jµ2 in covariant approach, Eq. (46), coincides instead with Eq. (33); notice that also in
the covariant approach we can split this term into two, according to the value of the plus momentum flowing in the
instantaneous propagator, thus reproducing the situation in the light-front TOPT case.
Finally, the current terms Jµ3 in (47) and J
µ
4 in (48) are exactly equivalent to their TOPT counterparts, namely
Eq. (34) and Eq. (35), respectively; the second term, in particular, refers to the diagram with the instantaneously
propagating photon.
The correspondence between the two approaches for the one-loop vertex correction is summarized in the Table II.
This result differs from the one found by Misra et al. in Ref. [13], where it is claimed that the three-term propagator
is needed in order to obtain the equivalence. This is due to the fact that in the calculation of the residue, they do
not evaluate dµν(q) at the pole position. By correctly calculating the residue, one would automatically include the
contribution from the instantaneous photon, with no need of adding it separately in the third term. Moreover, our
results are more general because they apply to all the Lorentz components of the current, while the results in [13]
refer only to the contribution from the plus component.
III. ONE-LOOP SELF-ENERGY DIAGRAMS
In this section we complete the proof of the equivalence between light-front TOPT and covariant approaches in
QED at one-loop order, by considering the self-energy diagrams for both the electron and the photon. We revisit
the results in light-front TOPT which were also discussed in Refs. [13, 19], and we prove the equivalence with the
covariant approaches, fixing some imprecisions in the calculation of Ref. [13].
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A. Electron self-energy
x+
P
P
kl
P
P
lk
P
P
kl
(b) (c) (d)
P Pl
k
µ ν
(a)
µ
ν ν
µ
ν
µ
FIG. 4: Diagrams for the electron self-energy in light-front TOPT at one-loop order, including the instantaneous exchange of
fermions ((b)) and instantaneous exchange of photons ((c) and (d)).
If we consider the amplitude TPP of the transition matrix
T = V + V
1
P− −H0V + . . . , V = V1 + V2 + V3 (49)
between two electron states |P, s〉, and |P, s′〉, we can write
TPP ≡ δs,s′ δT = u¯(P, s′)Σ(P )u(P, s) , (50)
which defines the transition matrix Σ(p)2. The e2-order term of the perturbative expansion of TPP (and, consequently,
of the transition matrix) splits into three contributions, arising from the different terms of the interaction Hamiltonian:
δTδs,s′ = (δTa + δTb + δTc+d) δs,s′ ≡ u¯(P, s′)
[
Σ(2)a (P ) + Σ
(2)
b (P ) + Σ
(2)
c+d(P )
]
u(P, s) . (51)
The δTa term corresponds to the contribution of second order in V1, described by diagram (a) in Fig. 4. By using
k+ = xP+ and (l+, l⊥) = ((1− x)P+,−k⊥), one finds
δTaδs,s′ = u¯s′(P )Σ
(2)
a (P )us(P ) = 2e
2P+
∫
d2k⊥
(4pi)3
∫ 1
0
dx
1
x(1− x) (P+)2 u¯s
′(P )
γν
(
/˜l +m
)
γµdµν(k˜)
P− − k− − l− us(P ) . (52)
The minus components can again be written from the on-shell conditions, i.e.
P− =
m2
2P+
, k− =
k2⊥
2xP+
, l− =
k2⊥ +m
2
2(1− x)P+ . (53)
The δTb term, instead, refers to the contact interaction with an instantaneously propagating fermion, due to the
contribution in V1V2 in light-front TOPT and corresponds to diagram (b) in Fig. 4. It is given by
δTbδs,s′ = u¯s′(P )Σ
(2)
b (P )us(P ) = e
2
(
P+
)2 ∫ d2k⊥
(2pi)3
∫ 1
0
dx
1
x(1− x) (P+)2 δs,s
′ . (54)
2 Our Σ(P ) has the dimension of a mass (consistently with, e.g., the Peskin-Schroeder notation [21] where Σ(P ) represents the self-energy
correction to the bare electron mass), at variance with the case of Ref. [19], where Σ(P ) is dimensionless.
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Finally, the third term δTc+d refers to the contact interaction with an instantaneously propagating photon, due to
the contribution in V1V3 in light-front TOPT and corresponds to the sum of diagrams (c) and (d) in Fig. 4. It results
into
δTc+dδs,s′ = u¯s′(P )Σ
(2)
c+d(P )us(P ) = e
2
(
P+
)2 ∫ d2k⊥
(2pi)3
∫ ∞
0
dx
1
(P+)
2
[
1
(1− x)2 −
1
(1 + x)2
]
δs,s′ . (55)
We now turn our attention to the covariant approach. As we discussed in the case of the vertex correction, the
calculation in light-front quantization can effectively be performed by taking into account only diagram (a) in Fig. 4,
disregarding the contributions from instantaneous interactions, and using the two-term expression for the photon
propagator. In this way, one has perfect equivalence with the formulation in the TOPT approach.
The Feynman rules for diagram (a) in Fig. 4 give
−iu¯s′(P )Σ(2)(P )us(P ) = − e
2
(2pi)
4
∫
d4k u¯s′(P )γ
ν
/l +m
l2 −m2 + iγ
µ dµν(k)
k2 + i
us(P )
= − e
2
(2pi)
4
∫
d4k u¯s′(P )γ
ν
(
/˜l +m
l2 −m2 + i +
γ+
2l+
)
γµ
dµν
(
k˜
)
k2 + i
− nµnν
(k+)
2
us(P ) , (56)
where we split the momenta according to Eqs. (13a) and (13b); of course, we have l = P − k. One can rewrite iΣ as
the sum of the following four terms
−iu¯s′(P )Σ(2)1 (P )us(P )
[
l˜, k˜
]
=− e
2
(2pi)
4
∫
d4k u¯s′ (P ) γ
ν l˜/+m
l2 −m2 + iγ
µ
dµν
(
k˜
)
k2 + i
us (P ) , (57a)
−iu¯s′(P )Σ(2)2 (P )us(P )
[
lˆ, k˜
]
=− e
2
(2pi)
4
∫
d4k u¯s′ (P ) γ
ν γ
+
2l+
γµ
dµν
(
k˜
)
k2 + i
us (P ) , (57b)
−iu¯s′(P )Σ(2)3 (P )us(P )
[
l˜, kˆ
]
=
e2
(2pi)
4
∫
d4k u¯s′ (P ) γ
ν l˜/+m
l2 −m2 + iγ
µ nµnν
(k+)
2us (P ) , (57c)
−iu¯s′(P )Σ(2)4 (P )us(P )
[
lˆ, kˆ
]
=
e2
(2pi)
4
∫
d4k u¯s′ (P ) γ
νγ+γµ
nµnν
(k+)
2us (P ) . (57d)
The contribution from Σ4 in Eq. (57d) is vanishing due to the structure of Dirac matrices. For the remaining
contributions, we proceed as outlined in the previous section by performing the in integration over k− by residues.
The first term in Eq. (57a) becomes
− iu¯s′(P )Σ(2)1 (P )us(P ) = −P+
ie2
2(2pi)3
∫ 1
0
dx
∫
d2k⊥ u¯s′(P )
γν(/˜k +m)γµdµν(q˜)
P+ [k2⊥ + x2m2]
us(P ) . (58)
It exactly coincides with Eq. (52), via the conditions (53).
The terms in Eqs. (57b) and (57c) are explicitly evaluated in Appendix A. Here we report only the final results
given by
u¯s′(P )Σ
(2)
2 (P )us(P ) =
e2
(2pi)3
∫
d2k⊥
∫ ∞
0
dx
1
x(1− x)δs,s′ , (59)
u¯s′(P )Σ
(2)
3 (P )us(P ) =
e2
(2pi)3
∫
d2k⊥
∫ ∞
0
dx
[
1
(1− x)2 −
1
(1 + x)2
]
δs,s′ . (60)
By comparing these expressions with Eqs. (54) and (55), we can conclude that our calculation in the covariant
approach perfectly reproduces the light-front TOPT results.
We remark again that this result is in contrast with what is claimed in Ref. [13], where the equivalence with the
TOPT result, however, is actually not achieved; this is because in Eq. (58) of Ref. [13] one should evaluate dµν(k) at
the pole position.
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B. Photon self energy
(a)
ν
P P
µ
k
l
P P
(b) (c)
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l
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k l
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P P
FIG. 5: Diagrams for the photon self-energy in light-front TOPT at one-loop order, including the instantaneous exchange of
electrons ((b)) and positrons ((c)).
We finally discuss the photon self-energy corrections, corresponding to the diagrams in Fig. 5 in light-front TOPT
at order e2. Fllowing Ref. [19], we denote with T ′PP the amplitude at order e
2 of the transition matrix T in Eq. (49)
between free-photon states with momentum and helicity (P, λ) and (P ′, λ′), we can define the self-energy correction
to the fictitious photon mass as
δµ2δλ,λ′ = 2P
+T ′PP , (61)
and identify a tensor Πµν through the identity
δµ2δλ,λ′ = ε
∗
λ′,µ(P )Π
µν(P )ελ,ν(P ) . (62)
It is important to notice that, in the above expressions, we need to consider only the physical degrees of freedom since
both the incoming and the outgoing photons are real; therefore λ, λ′ = 1, 2.
We are then able to separate δµ2 (and consequently Πµν) into two contributions. The first one arises from a contri-
bution in (V1)
2 in the (light-front time-ordered) perturbative expansion, and corresponds to diagram (a) of Fig. 5:
δµ2aδλ,λ′ = ε
∗
λ′,µ(P )Π
µν
a (P )ελ,ν(P ) = 2e
2P+
∫
d2k⊥
(4pi)3
∫ 1
0
dx
1
x(1− x) (P+)2
Tr
[
/ε
∗
λ′(P )(/˜k +m)/ελ(P )(/˜l −m)
]
P− − k− − l− . (63)
The on-shell conditions this time give
P− = 0 , k− =
k2⊥ +m
2
2xP+
, l− =
k2⊥ +m
2
2(1− x)P+ . (64)
The second contribution is due to the V1V2 interaction terms, corresponding to the sum of diagram (b) and (c) in
Fig. 5, and turns out to be [19]
δµ2b+cδλ,λ′ = ε
∗
λ′,µ(P )Π
µν
b+c(P )ελ,ν(P ) = e
2
∫
d2k⊥
(2pi)3
∫ ∞
0
dx
[
1
1− x −
1
1 + x
]
δλ,λ′ . (65)
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In the covariant approach, we proceed as discussed in sects. II and III, and we apply the Feynman rules for the
calculation of the diagram (a) in Fig. 5:
iε∗λ′,ν(P )Π
µν(P )ελ,µ(P ) =
e2
(2pi)
4
∫
d4k ε∗λ′,ν(P )
Tr
[
γν(−/l +m)γµ(/k +m)]
(l2 −m2 + i) (k2 −m2 + i) ελ,µ(P ) . (66)
Using the decompositions for the momenta in Eqs. (13a) and (13b), we can identify the following four contributions
to the self-energy:
iε∗λ′,ν(P )Π
µν
1 (P )ελ,µ(P )
[
k˜, l˜
]
=− e
2
(2pi)
4
∫
d4k1 ε
∗
λ′,ν(P )
Tr
[
γν
(
/˜l −m
)
γµ
(
/˜k +m
)]
(l2 −m2 + i) (k2 −m2 + i) ελ,µ(P )
=− ie
2
2(2pi)3
∫ 1
0
dx
∫
d2k⊥
Tr
[
/ελ(P )
(
/˜k +m
)
/ε
∗
λ′(P )
(
/˜l −m
)]
k2⊥ +m2
, (67)
iε∗λ′,ν(P )Π
µν
2 (P )ελ,µ(P )
[
kˆ, l˜
]
=− e
2
(2pi)
4
∫
d4k ε∗λ′,ν(P )
Tr
[
γν
(
/˜l −m
)
γµγ+
]
2k+ (l2 −m2 + i) ελ,µ(P ) (68a)
=− ie
2
2 (2pi)
3
∫
d2k⊥
∫
dx
1
x
sgn (1− x) δλ,λ′ , (68b)
iε∗λ′,ν(P )Π
µν
3 (P )ελ,µ(P )
[
k˜, lˆ
]
=
e2
(2pi)
4
∫
d4k ε∗λ′,ν(P )
Tr
[
γνγ+γµ
(
/˜k +m
)]
2l+ (k2 −m2 + i) ελ,µ(P ) (69a)
=
ie2
2 (2pi)
3
∫
d2k⊥
∫
dx
1
1− x sgn (x) δλ,λ′ , (69b)
iε∗λ′,ν(P )Π
µν
4 (P )ελ,µ(P )
[
kˆ, lˆ
]
=
e2
(2pi)
4
∫
d4k
1
2l+
1
2k+
ε∗λ′,ν(P )Tr
[
γνγ+γµγ+
]
ελ,µ(P ) . (70)
The final results for Πµν1 in Eq. (67) is obtained following the same procedure adopted for the electron self-energy
with the on-shell condition P 2 = 0; the derivation of Eqs. (68b) and (69b) can be found in Appendix B.
Finally, the contribution from Πµν4 in (70) is vanishing. This follows from
Tr
[
γνγ+γνγ+
]
= 2gν+gµ+ (71)
and the contraction with the polarization vectors, since in the light-cone gauge ε+(P ) = 0. If we use the substitution
x→ 1− x′ in Eq. (68b) and then sum it with Eq. (69b), it is straightforward to check that
iε∗λ′,ν(P ) [Π
µν
2 (P ) + Π
µν
3 ] ελ,µ(P ) =
e2
(2pi)3
∫
d2k⊥
[∫ ∞
0
dx
1
1− x −
∫ 0
−∞
dx
1
1− x
]
=
e2
(2pi)3
∫
d2k⊥
∫ ∞
0
dx
(
1
1− x −
1
1 + x
)
. (72)
By comparing Eqs. (67) and (72) with the TOPT results (63)-(65), we once again find perfect agreement between
the two approaches. This argument concludes the proof of the equivalence at one-loop level.
IV. CONCLUSIONS
The present work clarifies some of the subtleties concerning the use of the non-covariant light-cone gauge in the
formalism of covariant theories, with particular regard to the form of the gauge-field propagator. The comparison
14
between light-front TOPT and covariant formulation of QED at one-loop level turns out to be a suitable proving
ground to address these questions.
We re-examined the derivation of the vertex correction, fermion self-energy and vacuum polarization at one-loop
level in QED, systematically applying the splitting of the propagators into their on-shell and off-shell components.
We applied the standard technique of integration by residues to show how the covariant expressions in light-cone
gauge reduce, after integration over the light-cone energy in the loop, to contributions from differently time-ordered
diagrams.
We assumed as a starting point for the calculation in the covariant formalism the three-term photon propagator
of Eq. (2); this is equivalent to considering nly the transverse degrees of freedom as the propagating ones for the
free photon. However, the use of a non-covariant gauge modifies the interaction Hamiltonian and it turns out that
the third term of the propagator is exactly canceled by an instantaneous interaction term in the new Hamiltonian.
This is a general feature of any axial gauge, as shown in Ref. [12]; it becomes therefore natural to consider only the
two-term propagator (1) as a starting point also for the covariant approach, omitting at the same time the diagrams
with instantaneous interactions.
The time-ordered diagrams containing instantaneously-propagating photons, which are an intrinsic property of
the light-front theory, are recovered in the covariant approach thanks to the off-shell component of the photon
propagator. The on-shell part, instead, matches the contribution of forward-propagating particles in time-ordered
diagram, consistently with the fact that in TOPT all particles must be taken on shell.
We believe that our consistent treatment of the two approaches generalizes the previous works in the literature
concerning this topic [2, 10–14]. However, our results differ from the findings of Refs. [12, 13], where it was claimed
instead that one needs to start with a three-term gauge-field propagator in the the covariant formula in order to
generate the diagrams with instantaneous photons. We proved instead that the contribution for the instantaneously
propagating particle is already contained in the off-shell part of the second term.
We mention that a more general extension of this work could be achieved by interpolating the light-front and
instant-form coordinates, as done in [12] for the scalar QED case, and working in a generic axial gauge nµA
µ = 0.
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Appendix A
In this Appendix we explicitly derive the results for the contributions to the electron self-energy from Σ2 and Σ3
in Eqs. (59) and (60), respectively.
We start from the contribution Σ2. The matrix element in the numerator of the integrand in Eq. (57b) can be
rewritten as
u¯s′(P )γ
νγ+γµdµν(k˜)us(P ) = 2u¯s′(P )γ
+us(P ) = 4P
+δs,s′ , (A1)
where we used the relations
γµγ
νγµ = −2γν , u¯s′(P )γ+us(P ) = 2P+δs,s′ .
As a result we can write
− iu¯s′(P )Σ2(P )us(P ) = − e
2P+
2m(2pi)3
δs,s′
∫
d2k⊥
∫
dx
4P+
2(1− x)P+ I1 , (A2)
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where in I1 we have isolated the integral over k
−, i.e.
I1 =
∫
dk−
2pi
1
k2 + i
.
By introducing the new variable
u =
1
k−
, (A3)
we can rewrite I1 as
I1 = − 1
2xP+
∫
du
2pi
1
u
1[
1− u
(
k2⊥−i
2xP+
)] , (A4)
which shows poles for u = 0 (i.e. k− =∞) and u = 2xP+
k2⊥−i
≡ ux. We regularize the first singularity by substituting
1
u
→ 1
2
(
1
u+ iδ
+
1
u− iδ
)
. (A5)
As a result, we have
I1 = − 1
4xP+
∫
du
2pi
1[
1− u
(
k2⊥−i
2xP+
)] ( 1
u+ iδ
+
1
u− iδ
)
. (A6)
When considering the first term in round brackets, the first singularity now falls into the lower half-plane (at u = −iδ);
therefore we will obtain a nonzero result when ux is in the upper half-plane, which means for x > 0. The specular
situation holds for the second term in round brackets, which will then contribute only for x < 0.
If we choose the contour of integration for the first and second term enclosing the −iδ and +iδ poles, respectively,
and then take the limit δ → 0, it is easy to see that we come up with the following result
I1 =
i
4xP+
[θ(x)− θ(−x)] = i
4xP+
sgn(x) . (A7)
As we insert Eq. (A7) into (A2), we finally get
− iu¯s′(P )Σ2(P )us(P ) = − ie
2
4m(2pi)3
δs,s′
∫
d2k⊥
∫
dx
1
x(1− x) sgn(x) = −
ie2
2m(2pi)3
∫
d2k⊥
∫ ∞
0
dx
1
x(1− x)δs,s′ .
(A8)
For the calculation of the contribution Σ3, we start from Eq. (57c) and rewrite the matrix element in the numerator
of the integrand as
u¯s′(P )γ
+(/˜l +m)γ+us(P ) = l
+u¯s′(P )γ
+γ−γ+us(P ) = 2(1− x)P+u¯s′(P )γ+us(P ) = 4(1− x)
(
P+
)2
δs,s′ . (A9)
As a result, we have
− iu¯s′(P )Σ3(P )us(P ) = e
2P+
2m(2pi)3
δs,s′
∫
d2k⊥
∫
dx
4(1− x) (P+)2
(xP+)
2 I2 , (A10)
where the integral I2 over k
− is given by
I2 =
∫
dk−
2pi
1
(P − k)2 −m2 + i . (A11)
Changing the variable of integration as in (A3), and using the on-shell condition P 2 = m2, one obtains
I2 = − 1
2(1− x)P+
∫
du
2pi
1
u
1[
1− u xm2+k2⊥−i2(x−1)P+
] . (A12)
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We can henceforth proceed as before, replacing 1/u according to (A5); the integration around the pole at u = −iδ
will now give a nonzero result only when x− 1 > 0, while the integration around the pole at u = iδ contributes when
x− 1 < 0. By taking the limit δ → 0, one finds
I2 =
i
4(x− 1)P+ [θ(x− 1)− θ(1− x)] = −
i
4(x− 1)P+ sgn(1− x) . (A13)
Inserting this back in (A10), one comes up with
− iu¯s′(P )Σ3(P )us(P ) = ie
2
2m (2pi)
3 δs,s′
∫
d2k⊥
∫
dx
1
x2
sgn(1− x) . (A14)
Note that, since 1/x2 is an even function of x, we have:∫
dx
1
x2
sgn(1− x) = −
∫ 1
−∞
dx
1
x2
+
∫ ∞
1
dx
1
x2
= −
∫ ∞
−1
dx
1
x2
+
∫ ∞
1
dx
1
x2
= −
∫ ∞
0
dx
1
(1− x)2 +
∫ ∞
0
dx
1
(1 + x)2
. (A15)
We therefore conclude that Eq. (A14) becomes
u¯s′(P )Σ3(P )us(P ) =
e2
2m(2pi)3
δs,s′
∫
d2k⊥
∫ ∞
0
dx
[
1
(1− x)2 −
1
(1 + x)2
]
. (A16)
Appendix B
We finally prove the derivation of Eqs. (68b) and (69b) from (68a) and (69a), respectively. Notice that (thanks to
the invariance of the trace under cyclic permutations), Eqs. (68a) and (69a) can be obtained one from the other via
the exchange k ↔ l and putting an extra minus sign in front, so we need to evaluate only one of the two equations.
We hence start by considering the numerator of (68a)
Tr
[
γν /˜lγµγ+
]
= l+Tr
[
γνγ−γµγ+
]
+ l−Tr
[
γνγ+γµγ+
]− liTr [γνγiγµγ+] . (B1)
Out of these three terms, the second one can be neglected thanks to the same argument we made for (70), while the
third one can be dropped since li = −ki (i = 1, 2) and we are integrating over d2k⊥. Hence in our numerator we are
left with
ε∗λ′, ν(P )Tr
[
γνγ−γµγ+
]
ελ,µ(P ) = 4δλ,λ′ , (B2)
where we used
ε∗λ′, µ(P )ε
µ
λ(P ) = gλ,λ′ = −δλ,λ′ , for λ, λ′ = 1, 2 .
Therefore we can rewrite
iε∗λ′,ν(P )Π
µν
2 (P )ελ,µ(P ) = −
4e2P+
(2pi)3
∫
d2k⊥
∫
dx
(1− x)P+
xP+
δλ,λ′I2 , (B3)
where the integral I2 coincides with (A11) and yields the result (A13); putting the latter into (B3), we get Eq. (68b).
The substitution k → l now reduces to the exchange x→ 1−x; putting also a minus sign on top, we recover Eq. (69b).
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